We investigate the properties of a hybrid single electron transistor, involving a small superconducting island sandwiched between normal metal leads, which is driven by dc plus ac voltages. In order to describe its properties we derive from the microscopic theory a set of coupled equations. They consist of a master equation for the probability to find excess charges on the island, with rates depending on the distribution of non-equilibrium quasiparticles. Their dynamics follows from a kinetic equation which accounts for the excitation by single-electron tunneling as well as the relaxation and eventual recombination due to the interaction with phonons. Our low-temperature results compare well with recent experimental findings obtained for ac-driven hybrid single-electron turnstiles.
The excitation of non-equilibrium quasiparticles in superconductors of reduced dimensions by an applied dc bias or ac radiation has been the subject of theoretical and experimental studies for decades. It has been demonstrated, e.g., that quasiparticles excited by strong ac radiation may enhance both the critical current of superconducting bridges [1] and the value of the superconducting gap [2] [3] [4] . It has also been shown that a dc bias voltage applied to a metallic dot coupled to superconductors may lead to electronic cooling [5, 6] . More recently, the issue of non-equilibrium quasiparticles has drawn renewed attention. On one hand, it turned out that they reduce the coherence time of superconducting qubits [7, 8] . On the other hand, they limit the accuracy of single-electron turnstiles when they are used as current standards [9] [10] [11] .
Experiments with qubits and turnstiles are usually performed at low temperatures and bias voltages, with superconducting grains of small size. Under these conditions the number of excited non-equilibrium quasiparticles is low. Moreover, it is possible to detect even a single quasiparticle trapped in a superconducting grain [12] . In this limit the quasiclassical theory of non-equilibrium superconductivity based, e.g., on the Eilenberger or Usadel equations [13] is not sufficient. In this paper we extend this theory, starting from the microscopic theory of superconductivity but including the effect of singleelectron charges and Coulomb blockade. Specifically, we consider a normal metal-superconductor-normal metal (NSN) single-electron transistor (SET) as depicted in Fig. 1(a) . This setup has been used in recent singleelectron pumping experiments [12] , and one of the goals of our paper is to analyze them quantitatively. As illustrated in the stability diagram in Fig. 1(b) we assume that the SET is biased with a small dc voltage, and at the same time a sinusoidal ac drive is applied to its gate electrode. We derive a system of coupled equations which describe both the electron tunneling into and out of the superconducting dot, the excitation of nonequilibrium quasiparticles and their relaxation and recombination due to inelastic scattering with phonons, see shown is the absolute value of the dc-current I in units of ∆/eRT where ∆ is the superconducting gap, e the electron charge and RT the tunneling resistance. During the turnstile operation a bias voltage eV b , a dc gate offset n 0 g between charging states 0 and 1 and an ac gate-modulation with amplitude Ag are applied. (c) Illustration of the processes taken into account in our model: an electron-like quasiparticle is injected into the island through one of the junctions, it is then scattered by phonons quickly relaxing to an energy just above ∆, and, finally, it recombines with a hole.
The paper is organized as follows. In Sec. I we describe our model and derive a set of equations, a master equation for the probability of finding excess charges on the island, coupled to a kinetic equation for the nonequilibrium quasiparticle distribution. Together they fully describe the non-equilibrium NSN SET. We solved these equations numerically with results to be presented in Sec. II. We also derive approximate descriptions and recover several results obtained earlier. In Sec. III we will summarize our results. Some details of the calculations are moved to the appendix.
I. MODEL
We consider the system depicted in Fig. 1 (a) , consisting of a superconducting quantum dot (D) coupled to the left (L) and the right (R) bulk normal leads via tunnel junctions. It is described by the Hamiltonian
The normal metal leads are assumed to be reservoirs of noninteracting electrons,
Here ξ rkσ is the energy of an electron with momentum k and spin σ, and c † rkσ are the corresponding electron creation operators. The applied voltage shifts the electrochemical potentials by µ r = ±eV /2.
The Hamiltonian of the superconducting island accounts for the superconductivity, the Coulomb interaction between electrons, and the electron-phonon interaction. It reads
Here E k = ∆ 2 + ξ 2 k is the quasiparticle energy, ∆ is superconducting gap, ξ k are the electron energies in the normal state, while γ † kσ and γ kσ are the creation and annihilation operators of the quasiparticles obtained after the Bogoliubov transformation known from the BCS theory. The second term of Eq. (3) describes the Coulomb interaction modeled by an effective capacitance and charging energy E C . It depends on the number of excess electrons in the dot, given by the operatorn, and the dimensionless offset charge n g = C g V g /e induced by the gate voltage V g applied to the dot via the gate capacitance C g . The third term is the Hamiltonian of free phonons with frequencies ω q and momenta q. Here and below we set = k B = 1. Finally, H e−ph describes the electron-phonon interaction. After the Bogoliubov transformation to the quasiparticles it can be written in the form
It depends on the matrix element of the electron-phonon coupling, g k+q,k , and the coherence factors
The latter relate the quasiparticle operators, γ † kσ , γ kσ , to the electron operators in the dot, d † kσ , d kσ , as follows
Here we defined the "time-reversed" operators γ kσ ≡ γ −k−σ and assume that σ can take the values ±1 corresponding to spin up and down. The first sum in the Hamiltonian (4) accounts for the inelastic scattering of quasiparticles on phonons and conserves the quasiparticle number, whereas the remaining terms describe Cooper pair breaking and quasiparticle recombination. The last term in the Eq. (1) is the sum of the tunnel Hamiltonians of the left and right junctions,
The operatorT = n |n n + 1| accounts for changes of the number of electrons in the quantum dot, and φ(t) = t t0 dt eV φ (t ) is the phase associated with the time-dependent gate voltage, with t 0 being an arbitrary initial time. To describe the experiment [12] we will assume
which corresponds to harmonic pumping with the frequency f and dimensionless amplitude A g .
A. Sequential tunneling approximation
We describe the dynamics of the system within the sequential tunneling approximation, which is valid in the limit of weak tunneling
where R L T , R R T are the resistances of the left and the right junctions. We will further assume that the level spacing in the island is small compared to the temperature and the bias voltage and also that the frequency is smaller than the charging energy and the superconducting gap, f E C , ∆. All these conditions were met in the single electron pumping experiment [12] , which we are going to analyze in details below. Here we do not consider second order cotunneling contribution to the transport current, which may result in additional tunneling events thus degrading the performance of the single electron turnstile. This contribution is obviously small in the limit (9) and for small level spacing in the island [14, 15] , and it should be additionally suppressed by an exponential factor in an NSN structure due to the superconducting gap in the quasiparticle spectrum.
In second order perturbation theory in the tunnel Hamiltonian H T , and within the Markov approximation, we obtain the master equation for the probabilities p n that the island of the SET transistor has excess charge n (see Appendix B for details),
The tunneling rates in this equation split into contributions from the left and the right junction, i.e.
where
and E = ξ 2 + ∆ 2 . The combination
under the integral depends on the electron distribution functions in the leads f r and the electrostatic energy
2 of the state with n excess charges. The rates (12) further depend on the quasiparticle distribution function in the superconducting island, via
The expectation value · n in the right hand side of this equation is taken at fixed number n of electrons in the dot. Since the level spacing in the island is assumed to be small, we may express this average as the product of the "bulk" distribution function F ξσ , which is not sensitive to the number of electrons in the dot, and the factor A n , which accounts for the parity effect [15, 16] (see Appendix A for details). This effect originates from the fact that for even n no quasiparticles exist in the ground state of the dot, while for odd n at least one unpaired quasiparticle always remains excited. Having in mind the experiment [12] , in the rest of this paper we will assume that F ξσ 1 and that there is spin degeneracy in the problem, i.e. we assume F ξ k ,↑ = F ξ k ,↓ . As we show in Appendix A under these conditions one can express the parameter A n as follows
is the average number of excited quasiparticles in the superconducting dot provided one would adopt a grand canonical approach to the problem and would allow the number of electrons in the dot to fluctuate. In Eq. (16) we have also defined the density of states in the dot at the Fermi level N F and the dot volume V. Obviously in the limit of large number of quasiparticles, N qp 1, one finds A n = 1 and the parity effect vanishes. In the opposite limit N qp 1 we find A n → 0 for even n and A n → ∞ for odd n.
In the same way we derive the remaining tunneling rates, which have the form
and
The master equation (10) differs from the more familiar equation describing charge transport through an SET in two ways: First, the tunneling rates in Eq. (10) depend on time because of the sinusoidal modulation of the gate voltage (8) . Second, the rates contain the distribution function of quasiparticles F ξσ , which in general differs from the equilibrium form. The time evolution of the latter is described by the following kinetic equation
Hereσ stands for the spin opposite to σ, and n
is the phonon equilibrium distribution function. Equation (20) has been derived in second order perturbation theory in the Hamiltonians H T and H e−ph , combined with the Markov approximation (see Appendix D). The first three lines in its right hand describe the injection and leakage of the non-equilibrium quasiparticles through the tunnel junctions. The fourth and fifth line contain the terms responsible for the pairwise creation and annihilation of quasiparticles, and the last three lines describe the scattering of quasiparticles on phonons. The parameter b is expressed via the matrix element of electron-phonon coupling averaged over the Fermi surface (D17). Finally we note that Eqs. (10) and (20) have a similar structure as those obtained in Ref. [17] for a normal conducting island.
In general, the kinetic equation (20) should also contain the collision integral induced by the short range Coulomb interaction between the electrons. In our model we omit it because here we will mostly focus on the regime where the occupation probabilities of the quasiparticle energy levels are small, F ξσ 1. We will show below that in this limit the current through our device depends only on the total number of quasiparticles N qp , and not on the specific form of the distribution function F ξσ . Since the electron-electron interaction does not cause recombination or creation of quasiparticle, it does not change N qp and, hence, may be ignored. However, one should keep in mind that even at F ξσ 1 the Coulomb interaction may change the shape of the distribution function shown, i.e., in Fig. 3(b) .
The kinetic equation (20) is the first main result of our paper. It allows one to get access to the distribution function of quasiparticles and to study how does it change under various bias conditions.
We will now demonstrate that in the limit F ξσ 1 one can replace the full kinetic equation (20) by a much simpler equation for N qp . The key point is that in the considered limit the experimentally most relevant parameter -the current flowing through the island -can be expressed via N qp . Indeed, in general the current through the junction r is given by the sum (see Appendix C)
and at F ξσ 1 the tunneling rates W r n+1,n (t), W r n−1,n (t) may be approximated as
The dynamical equation for the quasiparticle number can be derived from the general equation (20) by taking the integral over ξ. In the section II A we will show that the charge imbalance in our system is small (for a quantitative discussion see Fig. 3 ). Because of that one can put F ξσ = F −ξσ , which ultimately leads to the so called Rothwarf-Taylor equation [18] (see Appendix D for details)
Here
is the total quasiparticle injection rate, (25) is the rate of tunneling of quasiparticles out of the dot, and κ = 4Γ e−ph /N F V∆ characterizes the rate of quasiparticle recombination. It scales with Γ e−ph = πb∆ 3 , which is the characteristic time scale of electron-phonon scattering. The electron-phonon coupling constant b can be related to experimentally more relevant parameter Σ, which appears in the heat current between electron to phonon subsystems in the normal state, P e−ph = ΣV(T 
For aluminum one has Σ ≈ 1.8 × 10 9 WK −5 m −3 , ∆ ≈ 210 µeV and N F ≈ 2.32 × 10 28 eV −1 m −3 , which gives Γ e−ph ≈ 18 MHz. We note that at low temperatures the actual electron-phonon recombination rate is typically much smaller than Γ e−ph , see Eq. (31). For example, in the experiment [12] it was found to be close to 10 kHz.
Eq. (23) is the second main result of our paper. As we have discussed, it is not sensitive to the particular form of the distribution function F ξσ and to the presence or the absence of short range electron-electron interaction. Besides that, it is much easier to solve than the full kinetic equation (20) . We would also like to note that at low temperatures Eq. (23) leads to the same results as the formalism used in Ref. [12] . We discuss this point in more detail in Appendix F. gives a characteristic scale for the rate of the electron-phonon relaxation. The chosen parameters produce the best fit to the experimental data of Ref. [12] . The system of two coupled equations (10) and (20) can be readily solved numerically, yielding the full information about the distribution function in the quantum dot and all other parameters. As we have already mentioned we assume spin degeneracy, so that F ξσ = F ξσ .
II. RESULTS AND DISCUSSION
Let us first consider the regime of large number of excited quasiparticles, N qp 1 and A n ≈ 1. We find the latter to be approximately fulfilled for N qp 2 [see Fig. 7 ]. In this limit the parity effect is negligible.
In Fig. 2 (a) and (b) we show the time-dependence of the occupation probabilities of the charging states n = 0 and n = 1 together with the quasiparticle number in the dot, N qp , for the set of parameters listed in Table I . The sinusoidal modulation of the gate voltage allows for different tunneling processes in certain time windows, defining the times t i , i = 1, 2, 3, all depending on the modulation amplitude of the gate voltage. At t 1 an electron can tunnel (and does so nearly immediately once it is allowed) from the left lead to the superconducting quantum dot, changing the charge state from n = 0 to n = 1. Because of the Coulomb blockade no further single-electron tunneling occurs. The tunneling process also increases the quasiparticle number, which in the following relaxes back due to recombination with rate (which will be further discussed in the next section)
Beyond the time t 2 quasiparticles may also escape to the leads via tunneling within the time interval (t 2 , t 3 ). The corresponding escape-rate is given by
Next, at a time t 3 an electron leaves the dot through the right junction, and the cycle of processes repeats. One can see that between the times t 1 and t 3 one electron charge has been pumped through the system from the left to the right. It is also interesting to note that the decay of N qp during the time interval t 2 < t < t 3 and its rapid rise at time t 3 sum up to 1, which is the total change of the electron number in the dot in the same period of time. Thus one can say that at t 2 < t < t 3 the number of electron-like quasiparticles decreases, while at t = t 3 the number of hole-like quasipartilces rises.
A. Quasi-particle number and charge imbalance
Figs. 3 (a) and 3 (b) show the time averaged quasiparticle distribution function
We observe that the function F ξ deviates from the equilibrium form. First of all, it becomes slightly asymmetric in ξ, i.e. F ξ = F −ξ . The degree of this asymmetry is controlled by the asymmetry in the junction resistances R r T . Second, its value at ξ = 0 is increased compared to what one finds in thermal equilibrium.
Traditionally the distribution function is decomposed into a symmetric and asymmetric part F s,a ξ = (F ξ ± F −ξ )/2 [13, 20] . They determine, respectively, the quasiparticle number N qp (16) and the quasiparticle charge density Q * [21] , which is given by the integral Comparing Q * to N qp one can draw a conclusion about the magnitude of charge imbalance induced in the quantum dot. Both quantities are presented in Fig. 3 (c) as functions of the gate modulation amplitude A g . Note that the charge imbalance Q * is much smaller compared to the quasiparticle number N qp , which assures the use of Eq. (23) in order to describe the quasiparticle kinetics on the island. Fig. 3 (d) demonstrates that both Q * and the current increase with the asymmetry in the resistances of the two junctions, whereas the quasiparticle number decreases with the asymmetry.
One can get more insight into the results of the numerical simulations if one analyses the interplay between two different channels of quasiparticle relaxation, namely the inelastic phonon scattering and recombination. The corresponding relaxation rates, 1/τ sc and 1/τ rec , can be derived from the kinetic equation (20) . Neglecting for the moment the charge imbalance we approximately find the rates in the form
which are consistent with the temperature dependent inverse lifetimes derived in Ref. [22] . At energy E 0 ≈ ∆(1+ 2(N qp /2N F V∆) 2/7 ) these rates are equal, at E > E 0 the inelastic scattering dominates, while at E < E 0 the recombination becomes more important. At N qp 1 the energy E 0 is close to ∆, which leads to the following scenario: high energy quasiparticles are quickly equilibrated by inelastic phonon scattering and the resulting quasi-equilibrium distribution with the phonon temperature subsequently slowly decays due to recombination until this decay is balanced by the influx of new quasiparticles from the leads. Thus, within this simple model the distribution function should have a local equilibrium form
where an increase in the quasiparticle number is expressed as a shifted chemical potential µ. To avoid confusion at this point, we note that µ is not related to charge imbalance (we actually ignored it), it merely indicates an increased number of quasiparticles. A fit of the distribution function to Eq. (32) along the red cut in Fig. 3 (a) approximately yields µ = 0.82 ∆. The fit is plotted by the black dashed line in Fig. 3 (b) and turns out to be very good. A similar scenario of relaxation of non-equilibrium quasiparticles had been discussed a long time ago by Owen and Scalapino [23] .
As we have discussed above, the precise form of the distribution function F ξ is not important as long as F ξ 1 and one is only interested in the current flowing through the device. It becomes important, however, if one is interested in more subtle effects like relaxation, excitation or decoherence of the quantum states of qubits [24] . As we have demonstrated in this section, our model may be useful in describing such phenomena. An important question in the context of metrology and quantum information is the dependence of the quasiparticle poisoning of superconducting devices on the repetition rate with which an operation is performed. It is known that the operation frequency of the hybrid turnstile, which we are considering, should be chosen sufficiently low, 2πf < ∆/e 2 R T [9] , in order to leave electrons enough time to tunnel through the device. In our simulations we will stay below this high-frequency limit paying more attention to limitations of the device operation at low frequencies.
In Fig. 4 we investigate the frequency dependence of N qp , Q * and I/(ef ) for our setup. We find that both quasiparticle number and the charge density are determined by the recombination rate at high frequency. Indeed, at large f and, hence, large N qp the term κN 
. We find that for frequencies f 0.1 Γ e−ph this dependence agrees with the numerical results fairly well. The normalized current I/(ef ) tends to a constant in this limit, which makes it interesting for metrological applications. This limiting behavior of the current can be easily understood if one analyses the dependence of the rates (22) , which enter the current (21), on frequency. The first contribution to the rates (22) scales as ∼ f , while the quasiparticle contribution is proportional to N qp and therefore it is suppressed at large frequencies. In the opposite limit of low frequency, f 0.1 Γ e−ph , we find that the numerical results are well fitted by the dependence I/(ef ) ∝ 1/f 1/3 . Next we fit our model to the experimental data for the pumping current [12] , with the results shown in Fig. 5 . The theoretical curves have been generated by solving the Rothwarf-Taylor equation (23) for N qp numerically and substituting the result in the expression for the current (21) . We find good agreement between theory and experiment, see Fig. 5 (a). Figs. 5 (b) and (c) show theory predictions for the current and the quasiparticle number, respectively, at various frequencies and gate modulation amplitudes. We find that at higher frequencies the normalized current I/(ef ) approaches the ideal staircaselike behavior in agreement with our previous discussion. We also find that the quasiparticle number grows both with the frequency and with the gate modulation amplitude. This behavior can be readily understood if one returns to the time traces in Figs. 2 (a) and 2 (b) . Obviously, electron tunneling in or out of the dot is always accompanied by quasiparticle injection. As the gate modulation amplitude A g grows, a third charging state of the dot becomes available for the transport at some point, and the number of excited quasiparticles per cycle doubles. Assuming that exactly one quasiparticle is excited in every tunneling event we arrive at a simple estimate N qp = 2N f /κ, where N stands for the number of the plateau in Fig. 5 (c) . In Fig. 5 (d) N qp is plotted as a function of frequency f and at A g = N − 0.5 (with N = 1, 2, 3 corresponding to the red, green and blue dots). We observe that our simple estimate of the quasiaprticle number actually works reasonably well.
We would like to emphasize that we have only two independent fit parameters in our model, namely the combinations e 2 R r T N F V, r = L, R, which are listed in Table  I . This observation provides strong evidence of the validity of Eq. (23).
C. Parity Effect
Let us now turn to the regime where the parity effect becomes important. In Fig. 1(b) we calculated the stability diagram in equilibrium for T = ∆/40. There the presence of an extra quasiparticle excitation in the odd charging state leads to a finite current plateau at |eV | < 2∆, which is 2-e-periodic in the gate charge.
Due to the periodical excitation of quasipartciles during the turnstile operation the parity effect matters if the frequency becomes lower than the recombination rate (31), f 1/τ rec (∆). In this case one finds that N qp 2, which is precisely the regime where the parity effect has to be taken into account (see Fig. 7) .
To see its influence on the average current we first solve Eqs. (10) and (23) in combination with Eq. (15) . We compare the result of this full analysis with the simplified approach, in which we deliberately set A n = 1 everywhere thus suppressing the parity effect. In Fig. 6 (a) we compare results of both approaches for the pumping current as a function of the modulation amplitude A g with the experimental data of Ref. [12] . We find that incorporating the parity effect into the model indeed allows us to better fit the experimental data, especially for small values of the gate modulation amplitude. The role of the parity effect may be characterized by the difference between the exact current, I , and its value I * derived under the assumption that A n = 1. In Fig. 6(b) this difference, ∆I = I − I * is plotted as a function of the modulation amplitude for three different modulation frequencies showing that features of the parity effect first develop at small gate amplitude. In Fig. 6(c) and 6(d) , the frequency dependence of the currents I as well as I * is shown for A g = 0.25. We find that the exact current I approaches a constant value for frequencies f 1/τ rec (∆) whereas I * decreases further with frequency. This agrees with the observation that in this regime the dominant current contribution arises from the current plateau that we see in Fig. 1(b) . Finally in panel Fig. 6(d) the difference ∆I is plotted versus frequency showing the emergence of the parity effect with decreasing frequency.
III. SUMMARY
We have investigated the properties of a small superconducting island in a NSN configuration driven by both a dc bias voltage and an ac pumping gate voltage. Apart from the number of excess single-electron charges on the dot we have to pay attention to the non-equilibrium distribution of quasiparticles. Starting from the microscopic theory and using standard approximations we derived the master equation for the occupation probabilities of different charge states of the dot (10). The tunneling rates, which appear in this equation, are influenced by the nonequilibrium quasiparticle distribution function. In addition we derived the kinetic equation describing the time evolution of the quasiparticle distribution function (20) . The combination, i.e., Eqs. (10) and (20) fully describe the dynamics of our system. We solved these equations numerically and demonstrate that our model allows fitting with high precision the results of the experiment [12] . We have also derived a simplified kinetic equation (23) (Rothwarf-Taylor equation), which involves the total number of excited quasiparticles instead of their full distribution function. This equation is valid in the regime where the occupation probabilities of the quasiparticle levels are small. Our theory is valid even in the regimes where only one quasiparticle is excited in the superconducting island. In particular, it fully takes into account the parity effect, which becomes important in small superconducting particles at low temperatures. [15, 16] As usual, we separate the Hamiltonian into an unperturbed part H 0 = H D + r H r + H p and a perturbation H I = H e−ph + H T . After standard manipulations and making the Markov approximation we arrive at the Liouville equation for the density matrix of the systemρ(t),
Next we assume that the density matrix can be factorized into the product of the density matrices of the leadsρ r , of the phonons,ρ p , and of the island. We also assume that the leads and the phonons remain in equilibrium, so thatρ
Tr(e −βHr ) ,ρ p = e
−βHp
Tr(e −βHp ) ,
where β = 1/T is the inverse temperature.
Assuming a grand canonical ensemble, i.e. allowing fluctuations of the number of electrons in the dot, we may express the density matrix of the quasiparticles in the form
wheren kσ = γ † kσ γ kσ and F kσ is the occupation probability of the level kσ. In equilibrium one finds F kσ = 1/(exp(βE k ) + 1). Out of equilibrium F kσ has to be obtained from a kinetic equation.
Next, we include the parity effect into the model. Quite generally, one would have to switch to the canonical ensemble and strictly fix the number of electrons in the dot, but this route turns out to be technically very difficult. Fortunately, in order to describe the properties of big superconducting quantum dots with small level spacing and large number of electrons it is sufficient to fix only the parity of the electron number. In order to do so we first introduce the projection operatorsP ± on the subspaces with even (denoted by the superscript +) and odd (denoted by the superscript -) numbers of electrons trapped in the quantum dot. These operators read
Here we have used the fact that the parities of the number of electrons in the quantum dot and of the number of excited quasiparticles are the same and made the replacementn
Besides that, we also used the identity (−1)
With the aid of the operatorsP ± we can write the density matrices of the quasiparticles in the even and odd states in the form
We further assume that the function F kσ remains the same in the even and odd states. This assumption is valid in big quantum dots where one additional electron does not significantly change the occupation probabilities of the energy levels. The quasiparticle occupation probabilities n kσ n = Tr(n kσρ n qp ) can be readily calculated. Employing the commutation rules
γ † kσP
In the important limit of weak excitation, F kσ 1, we can approximate this expression as follows
As mentioned in the main text, we assume that the level splitting in the quantum dot is smaller than temperature and bias voltage. Under these conditions many quasiparticle states are always occupied, and we may further approximate pα =kσ F pα ≈ pα F pα = N qp . Hence we obtain
In order to find out under which conditions the parity effect becomes important, we plot the quasiparticle numbers in the even and odd states,
versus N qp in Fig. 7 . It is clear for this plot that the parity effect needs to be taken into account for N qp 2. Subsequently we will also need the following expectation values
Employing the same set of approximations to this combination, we arrive at simple results n kσnqβ ≈ F kσ F qβ and n kσ (1 −n qβ ) n ≈ A n F kσ (1 − F qβ ).
FIG. 7:
Parity affected quasiparticle number N n qp = kσ n kσ n in the even and odd charging states versus the grand canonical quasiparticle number Nqp.
Appendix B: Tunneling rates and master equation
In this appendix we will derive the master equation for the occupation probabilities
of the charging states of the quantum dot. LetP n = |n n| be the projector onto charging state |n , then p n = Tr(P nρ ). In order to keep track of the charge and the quasiparticle excitations on the dot we decompose the tunneling Hamiltonian into terms
and H 
whereᾱ = −α. The contractions can be readily calculated using (A10). As an example we choose the combination
Here we introduced the charging energy E n = E C (n − n 0 g ) 2 , the distribution function of the leads, f rk σ , and linearized the time dependence of φ, i.e. φ(t) − φ(t ) ≈ eV φ (t)(t − t ). In order to perform the time-integral we use Re
In this way all various combinations are calculated. They are simmetrized by the transition rates W n∓1,n = r W r n∓1,n for transitions from charging states n to n∓1,
Here we introduced the tunneling resistances R Here the prime in the sums shall indicate that exclusively tunneling events from and to lead r are considered. Eq. (C1) is very similar to Eq. (B4) and therefore the current can be expressed via the transition rates (B7) and (B8),
tion for each of these processes. On the other hand 
corresponds to the recombination of two quasiparticles and the emission of a phonon with energy ω q > 2∆. With (A12) we find
Here n 
Here we essentially assumed an isotropic electron-phonon coupling g p,p and a Debye phonon density of states typical for acoustic phonons. Finally we obtain
Ep−E k Anpn.
In the limit of many excitations and A n → 1 the Eq. (D18) reduces to the familiar form [25] .
Appendix E: Rothwarf-Taylor equation
In this section we are going to derive a simple kinetic equation for the quasiparticle number N qp in the same way as Rothwarf and Taylor did in Ref. [18] . For simplicity we neglect the charge imbalance and assume that F kσ = F k σ if ξ k = −ξ k . We integrate the kinetic equation (20) over the quasiparticle energies. First we observe that those contributions in Eqs. (D4) and (D18), which do not depend on the quasiparticle distribution function, can be combined in the injection rate
[1 − f (−eV r − E n−1 + E n + eV φ (t) − E k ) + f (−eV r + E n+1 − E n + eV φ (t) + E k )] .
Next we define the tunneling rate Γ r n , which effectively describes the relaxation of the quasiparticle distribution function via the tunneling in or out of the leads. We assume that all excited quasiparticles have the energies just above the superconducting gap ∆. This assumption is justified by the fact that in our setup quasiparticles are injected close to the gap and the electron-phonon relaxation is sufficiently strong. Keeping that in mind we make the following approximation:
[1 − f (−eV r − E n−1 + E n + eV φ (t) + sE k ) + f (−eV r + E n+1 − E n + eV φ (t) + sE k )] A n F kσ N qp A n ≈ s=±1 1 2e 2 R r T N F V [1 − f (−eV r − E n−1 + E n + eV φ (t) + s∆) + f (−eV r + E n+1 − E n + eV φ (t) + s∆)] .
Considering now the electron-phonon collision integral, we note that those terms which conserve the number of quasiparticles vanish upon the integration. Next, at sufficiently low temperatures, and also since the phonon bath stays in equilibrium, the pair-braking processes are suppressed. Thus only recombination contributes to the quasiparticle relaxation. The rate of recombination reads
Combining all these results we arrive at the RothwarfTaylor equation 
